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Abstract—We present a new method to extract signal dimen- presented and a solution is demonstrated. Finally, in &ecti
sions from noise dimensions using a weighted distance metri \/ the framework for the experiments are explained together
in a Gaussian kernel for Kemel PCA, estimated by a non i important parameters for the optimiser and the weighte

linear optimisation. 4 experiments estimating the weightsn the - . - . .
Gaussian kernel using kernel PCA was performed on an artifil  distance estimation for Kernel PCA method is applied on a

22 dimension dataset consisting of 20 dimensions of Gaussia dataset. A conclusion is made in Section VI.
white noise: 3 experiments with different variance levelsdr the

noise dimensions and 1 experiment concerning the choice die Il. KERNEL PCA
scaling parameter. For small variances it was possible to dect )
the signal dimension perfectly, although the results for geater In this Section we will formulate the defintion of a kernel

variances indicate that the optimisation could not detect he and derive the Kernel PCA method. We will then illustrate the

actual signal dimensions. It was also shown that the estimatof o he| PCA method using a Gaussian Kernel on an artificial
the scaling parameter is crucial for detecting signal dimesions.
dataset refered to as the half moon data.

Index Terms—Gaussian Kernel, Kernel PCA, fMRI, Weighted

Distance Estimation, Scale Parameter. A. Gaussian Kernel
The main idea of a kernel is to map input datainto a
I. INTRODUCTION high or even infinite space called tlieature space, denoted

) o o ) ) by F. A kernel is defined as a functiah: x x x — R, such
When doing a classification task in high dimensional datg 5 there exists a mapping : x — F where the following
it can be of great interest to locate in which dimenSionsmOiﬁmer-product holds

exists and hence where the signal persists. This is of dpecia

interest in for example neuroimaging, where the task is to k(x,x') = o(x)Tp(x') (1)
visualise the areas in the brain that is directly involved i . .

a given task, ignoring for example the areas in the bra%(e will focus on the Gaussian kernel

controlling the heart beat. d(Xp, Xpn1) 2

Using a weighted distance in a Gaussian kernel for Kernel Ve )
PC.A’ we ho_pe that aft_er optimising the kemel w.r.t. to th?s\'/(\?ith the usual Euclidian metric difference
weights, noisy dimensions can be detected and hence giving
important information about the dimensions involved in a dn = ||%Xn — Xp/ || (3)
given classification task. Using an error function as the- mis
classification we optlmlse Fh_e We|ghted Gaussian kerngh SUS  Derivation of the Kernel PCA method
that the error function is minimised. Because of the staihas
nature of the noise dimensions we hope that the variance infhe kernel PCA is a nonlinear generalisation of the PCA,
these dimensions is bigger than the signal dimension and R#sed on linear combinations okernel function obeying (1).
Capturing these assumptions we use the NPA|RS[5] framewcﬁRr deriVing the kernel PCA, we therefore consider a noaline
comparing the variability and mean for individual dimemsio transformation fromx into ¢(x)
for each split.

The kernel PCA using a weightened Gaussian kernel has x—plx) € F @
been implemented in Matlab, whereas the optimiser and tRerforming the standard PCA in the feature space implicitly
linear regression classifier used in this projects are Matlgives a nonlinear transformation in the original data space
implementions. Consider a data s&X = {xi,...,xy}T, whereN is the

The report is organised as follows. In Section Il the theoryumber of observations in a dimensionallly Performing the
behind kernels and Kernel PCA is derived, in Section Ihonlinear transformation on these data results in the featu
the importance of the scaling parameter in the Gaussidata® = {p(x1),...,¢(xn)}, where® is a N x M matrix
Kernel is explained and an example illustrates the aspeutgh a dimensionalityM. Since the data in feature space can
discussed. The number of principal components to use is als® of a high or even infinite dimension, we usually can not
discussed and tested on an artificial dataset. In SectiohdV perform the standard PCA directly on the feature data. &ukte
scheme for optimising the weights in the Gaussian kernelwse will derive a method that only depends on the kernel [1][2]

Ko = k(xp,Xp) = exp— ( (2)



02459 MACHINE LEARNING FOR SIGNAL PROCESSING, NIKOLAS BORR-JENSEN, JUNE 2010 2

Similar to the normal PCA, we usually need to center thehere «;1,...,a;n are the coefficients of the expansion.
data resisting in the feature space for kernel PCA. For no8ubstituting (15) back intolg), we obtain
let the centered data be denotedd(ik). We seek the normal N

N
direction ofv; which maximise the variance of the centered- Z G(Xp)P Z Wim@(Xm) = A Z Qin@(Xn) =
data in feature spac® 1
~ N
2 — ~
max o (v1®) s.t. ||vi|| =1 = Z B(Xn Z WimP(%n) T P(xm) = N Z Xin@(Xn)

T
where [v,|| = vi vi is the Euclidian norm. The variance OfThe f|nal step is now to express this in terms of the kernel

the projection can be written as function &(xn, Xm) = 3(xn)7@(xm). We can do that by left
N <M 2 multiplying both sides byz(x;)”
p (Xn)>

® ;X N N
N Zlk(Xl,Xn)mZ:laimk(xn7xm) = )\i;aink(xlaxn) (16)

N
= Z Z vii(Xn)v;@j(xn))  (7)  which can be written in matrix notation as
n=14,j=1

O'Q(Vli)) = !

=1
M

n=1

= Z UzUJN Z% (xn)@j(xn))  (8) wherea; is the column vector with the coefficients corre-
1,5=1 sponding to the expansion inf). We can find the solutions
RecognisingC = % 25:1 ?(xn)P(x,)T as the covariance for a; by solving th? eigenvalue problem
matrix, we can write the variance in matrix notation as Ka; = \iNo; (18)
P2(vi®) = vIicwv (9) Removing a factorK from both sides in (17) does not

affect the principal component projection, since the sotut
By formulating the constrained maximisation problem in (5)f (17) and (18) differs only by eigenvectors Kf having zero

with Langrange multipliers, we get eigenvalue ([4] Appendix A).
1 Normalisation can be normalised by [1]
L(vi, A1) = —=vICvi + M\ (vIvy —1) (10) a;
VAN

By maximising this equation with respect tq, we will find

the principal component for which the variance is biggest For the illustration and experiments in this project, ndima

sation has not been used since we are not concernt about the

OL(v1, A1) 9Cv; — 2\vi = 0 (11) scaling of the projections. o
vy The resulting principal component projection can now be
0L(vi,\1) o 120 12 performed by only considering the kernel and the eigenvecto
O\ = iviT L= (12) Using (15), the projection of a poist onto theith eigenvector
Re-arranging the first equation gives us the eigenvalud@mob vi Is given by
Cvi =A\ivy (13) yi(x) = Z ain@(x)" P(xn)  (20)
wherev; € RM\0 and )\, is the eigenvector and eigenvalue
of C, respectively. By left multiplying withv] and using = Zamk(X,Xn) (21)

[[vi]| = 1 we get\; = v Cvy, i.e. \; is the variance ofC.
Hence, the principal component where the variance is btgges
corresponds to the eigenvector Gf - Test errors
Though, our goal is to solve this eigenvalue problem without To find the best suited kernel and the optimal parameters
working explicitly in the feature space. By combining (18pa for this kernel, we need a test set to evaluate the classificat

the definition ofC, we get error, so that overfitting can be avoided. A slightly modified
version of (21) can be obtained: Let the training set be

1y X = {x1,...,xy}7T and the test set b’ = {x},...,x),}7,
Z (e ) {B(xn) " vi} = Aivi (14) where N and M are the number of observations for the

) o training and test set, respectively. Using (15), the ptajec
Provided that\; # 0, it follows that the possibilities fov1  of 3 test pointx’ onto theith eigenvector is given by
must lie in the span of the feature points, singds given by

ﬁlliﬂgi:)fn(zmbination of thes(x,,). Hencev; can be written yi(x) = ¢(x)Tv; = Z ain®(x)T3(x)  (22)

N N
Vi = Zlamsz(xn) (15) = Zlaink(xmxl) (23)
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Using this formula, it is possible to evaluate the test errg@rojecting the data concerns the kernel dimensions ane sinc
compared to the chosen kernel and the parameters used. we are working in the kernel space, it is not obvious how
many dimensions to use.

D. Centering data in feature space We would like neighbour point to have a high correlation
H’:\gd points far from each other to have a very low correlation,
héence giving a kernel making the kernel PCA capable of
separating the two classes. Concerning the scale of thelkern
choosing a smalt, k(x,,x,/) — 0 for n # n’ which clearly

1 is not a good choice since it corresponds to all points in the
P(xn) = p(xn) — N Z p(x1) (24)  feature space being orthogonal to each other due to the way

=1 the general kernel in (1) is defined, dispite the class label.

The elements of the kernel of the projected data points aftehoosinge — oo, the kernel will only consists of values near
centralising are given by 1 and this corresponds intuitively to the linear PCA.

Similar to the standard PCA, the i]QPut (feature) data to t
kernel PCA should have zero mean,  , ¢(x,) = 0, which
can be computed by

N

Ky = 3(x0) " B (%m) For the dataset depicted in Figur_e 1, what we need_ is instead
N Ve < dy and/c > ds, whered; is the (average) distance
= E(%n,Xm) — 1 Z k(1 %0m) between two neighbour points ard is the smallest distance
’ N — ’ between two points in each of the two classes. This choide wil
LN ) make the correlation between neighbour point big, wherteas t
_— X, X _ S correlation between two points far away from each othemgs f
N ;k( nX1) + Nz ;;k( 7xt) example points in each of the two classes, will be negligible

corresponding to a covarance in the kernel matrix near 1 and
0, respectively. If the computation time allows us to do so,
K=K-1yK-Kly+1yKly (25) the best way is to find is by minimising an error function
w.r.t. c. Otherwise a simple method for approximating the scale
parameter is to compute the standard deviation of the data an
use this as the scaling factor.

In Figure 2, the Gaussian kernel for the data in Figure 1 is
depicted forc = 4 together with the two principal components
A. The scaling parameter and the impact on the projection  corresponding to the eigenvalues with the highest values. T

We will use the derived Kernel PCA together with #lata points are not shuffled and are enumerated from point 1
Gaussian Kernel using the Euclidian distance to illusttge to 1000 in class 1 and 1001 to 2000 in class 2, making the
strength of these methods by showing a problem consistil§grnel and eigenvectors directly comparable with the @atas
of two separated classes, class 1 and class 2, as depi€team the figure we see, that neighbour points has a high

in Figure 1. The task is to classify the data, such that ‘glue whereas points far from each other has a value near
0. The important area is near point 1000. Here we see that the

covariance between the last points in class 1 and the points
[ Se=d in class 2 is near 0 and visa versa. This is a very important
property for separating the two classes succesfully. luieig
3, the projection of the data onto the first two principal
components in Figure 2 is shown. We see that the two classes
have been separated to an extend that a linear classifierecan b
used with succes. Be aware that we have not used a testset for
. the reason to make the figures more clear. A logistic regressi
o classifier implemented in the Matlab functigi nfit has
I I R R been used, since this method is stable to outliers in contrar

to for example a linear discriminant and it proved to be very

Fig. 1. Artificial data set consisting of 2000 data pointshwdt variance of important because of the distribution of the points in the tw
of =0.7%. classes after projection.

In matrix notation, this can be written as

where 1y denotes theV x N matrix where every element
takes the valuek:.

IIl. KERNELPCA USING A GAUSSIAN KERNEL

can be determined whether a new test point is belonging to o ,

either class 1 or class 2. Since the two data sets are etangid!ne number of principal components and the impact on

a linear classifier can not solve the task and the idea J& Projection using training and test set

therefore to transform the data by using kernel PCA makingIn Figure 5 the test error is shown for a different number of
the classification task solvable by a linear classifier. Whemincipal components corresponding to various valuesfof
performing kernel PCA using a Gaussian Kerrl \yith the the dataset in Figure 4 consisting of 500 data points whe®e 25
Euclidian metric, two parameters has to be estimated, namdhta points are used for training and 250 data points are used
(1) the scale of the kernel and (2) the number of principal for testing. For 10 principal components (and hence doieg th
components. The number of principal components to use forear regression classification in 10 dimensions), we bet t
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+ Training data (class 2)
+ Test data (class 1)
+ Test data (class 2)
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Eigenvectors Fig. 4. The data consisting of 500 data points, where 250tpare used
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Fig. 2. (a) Visualisation of the Gaussian kernel for the datdrigure 1 1 2 3 4 5 vae © 7 8 o 1
andc = 4. (b) The two eigenvectors corresponding to the most sigmific
eigenvalues. Fig. 5. The number of misclassifications for the projection2p 5, 10, 100
and 250 principal components using a linear regressiorsitiers
i activation signalx,.; and the base sign&ly,.., we get
L 2 2
* dact,base = HXaCt — Xbase ||
2r . J
2
15f = Z(wact,j - -Tbase.,j)
1 j=1
J
05 2
= Y (Tactj — Toase,j)
S 05 1 i5 p 25 3 j=1\i
2
+ (wact,i - xbase,i) (26)

Fig. 3. Projected data using Kernel PCA with a Gaussian kerne . L . . .
Assume having the same significant variance in all the dimen-

sions, the distance measuie 202 + s2,., will overrule the
signal distancesy;,; due to the term/J - 2¢02. In data where
noisy dimensions exists, it can therefore be of great istere
best result with a misclassification error on the test set4t Qg extract the signal dimensions.
%, corresponding to 1 data point being misclassified. We haveye will investigate how to optimise the Gaussian kernel
centered the feature data as explained in Section II-D andgen by (2) using the weighted distance metric
Figure 6 the centered suboptimal solution for the projectio

. . . . . J

on the first 2 principal components is depicted.

prineip P P dp =Y w;(wng — Tprj)? (27)
j=1

By minimising an error functio® w.r.t. the weightgw; } in
(27) we hope that the coefficients of the weights will indécat
which dimensions contains the signal. We have the following
knowledge about the error function:

o The matrix K consisting of the elements given by the

function k(x,,x, ) has to be positive semi-definite for

Let the important signal be contained in thiéh dimen- being a valid kernel and therefore we need the weights

sion. Using the Euclidian metric difference and denoting th {w;} to be greater than zero [2].

IV. KERNEL OPTIMISATION
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2 Testdata ) - « How many principal components should be used to get
el the best results, i.e. what should the dimensionality of the
g classification be?

A. Experiment overview

o5l ) For the experiments we use a dataset of 22 dimensions,
4 where the first two dimensions contains the half moon data and
e the remaining 20 dimensions contains Gaussian white noise.
} S ‘ ‘ ‘ ‘ ‘ 500 points are used for training as can be seen in Figure 8
teee Cox e and the NPAIRS [5] framework with 50 split€)(= 50) is

used (i.e. 250 points in each subset in the splits), and the
estimated weights are applied on a testset consisting of 500
points. The scaling factar used with this testset is estimated
using another training- and testset each consisting of 56® d

) ) oints, ensuring that thevalue is not being overfitted for the
« Since the kernel PCA uses eigenvalues to perform tg‘éta.

projection, the optimisation problem is highly non-linear

We can formulate theNonlinear Programming Problem ? ~Training data (class 1)
(NPL) as [3] 10 .z |+ Training data (class 2)

Fig. 6. The projection on the two first principal componentthhe centered
feature data done implicitly by using the kernel.

min E(w), subject tow > 0 (28) P

This is a constrained optimisation problem and can be solved
by using a varity of optimation schemes. The Matlab function
f m ncon for constrained optimisations can be used with =
either Interior Point, Sequential Quadratic Programmimg o .
Active-Set algorithms. By empirical tests the Interior foi
algorithm seemed to both converges faster and found more
optimal sollutlons than the OFher optlr_na.ltlon SChemeSj IB_ uslgg. 8. The dataset consisting of the trainingset for the NAframework.
an approximated re-formulation consisting only of eqiesit
making the problem easier to solve. For> 0, the approxi-
mated problem is

min B, (w,s) = min E(w) — ,uzi:ln(si)

w,s

-5 0 5 10

B. Experiment setup

The NPAIRS framework is performed by doir@ = 50
splits on the desribed trainingset, where each split resnlt
subject to (29) two subsets consisting of 250 data points. For each of the
subsets the optimal scaling facteris computed with the
weights for the noise dimensions set to 0 and the others set to
0. This means that the value is computed only with respect
f m ncon for Interior Point uses either alirect step in to the half moon data, as defined below:

(w, s) solving a Karush-Kuhn-Tucker equation or a conjugate J

—-w+s=0

gradient step using a trust region. If the resulting Hessian di,n’ = Z
from the direct step is not positive definite, the algorithses

a conjugate gradient step. The number of slack variabjes
corresponds to the number of inequality constraints. where (30)

wj (g — Tnj)?

ol

Jj=1

V. EXPERIMENTS e — {1 if j=1{1,2}
i =

In this section we will show the results from experiments 0 ifj=13,...,22}
on the half moon data with the weightened distance estimati@hoosing the error function as the misclassification using a
for Kernel PCA. The experiments should clarify the follogin logistic regression classifier with the optimain (30) for the
guestions: initial weightsw; = 1 andj = {1,...,22}, we optimise the
« Under which conditions is it possible to extract signal dierror function (28) using the Matlab functidnm ncon.
mensions from the weight coefficients? Does the varianceThere are many parameters to choose for ftiné ncon
in the noise dimensions has an impact on the ability fgnction and some are crucial to adjust for the problem to be
localise the signal? solveable:
« What should the initial weights be, i.e. which value Weights between 0 and 1.
should the scaling factar in the kernel have? Since we have normalised the weights byn (30)
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Dimension

(@)

Z-score
¢ +
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T

10. . 20
Dimension
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Dimension
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Fig. 7. Z-scores for each of the 22 dimensions after NPAIRB @i = 50 using optimalc for each subset. (&) 44tq = 0.3, Tnoise = 0.2. (b) 0gata = 0.3,
Onoise = 0.5. (C) 0gqta = 0.3, Tpoise = 0.8.

Change in variables for finite-difference gradients.

Finite

to take optimal values between 0 and 1, we restrifdr each dimensiorj using Z-scores is done by
the weights to be in that range.

Q

Di f f M nChange andDi f f MaxChange controls o, = 1 Z(wqj —w)? (31)
the perturbation levels far; used in the calculation Q= “
of finite-difference gradients and it turned out that Q ,
the parametebi f f M nChange is very important p = 1 Z (wqj + wqj) (32)
to adjust correctly. | found thadi f f M nChange Q | 2
= 1/3 and Di f f MaxChange = 1 performed the 1

zj = = (33)

best. 0j
differences method.

Fi nDi ff Type concerns the finite differences andcomparing the: values in (33) for each dimensions, we hope
is used to estimate gradients. The parameter canephe able to extract the signal dimensions.

either *forward” (default), or “central” which takes o o first two dimensions we expect the variance to
twice as many function evaluations but should bﬁe low and the means to be high: (1), since we have

more accurate. | found that the extra computationgl -+ ihe optimale in (30) corresponding tav; = 1 for

tim?_t ubsied with the “central” option was indeedj = {1,2}. In Figure 9 the misclassification w.r.t: is
profitable.

depicted, and we see that there exists many valuesc for
that gives good misclassifications. Since we want to use the
optimal ¢ for the specific dataset, we are not concerned about
overfitting. Choosing the highest value othat gives the best
misclassification error, we hope that the optimiser will not
diminish the weightss; andws; since this would correspond to
augmenting the value af Mathematically, this can easily be
seen by the following. Let, be the optimal scaling parameter
with the noise dimensions weighted by ®y = 1 be the
optimal weight for dimension 1 and 2 and € [0, 1] be the

For each of the subsets in thih split, denote the optimal weight to be optimised. From the following equation

weights

wy;, respectively. Let the dimensions corresponding to the 1 1
weights be given by = {1,...,22}. Comparing the weights co c

found by optimising the error function hy,; and

w:— =Wy —

(34)
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" - Mcasseaton wirt SR PR be found in the way we have constructed our half moon
1 [ ] dataset: because the variance is smaller in dimension lithan
] dimension 2, the Euclidian distance is small for more points

I than in the other dimension giving a higher correlation ia th

il P ] kernel sincek(n;,n}) — 1 for |n;,n}| — 0, wherei is

oor .y 1 the dimension. Therefore the second dimension has a greater

o I 1 influence on the projection than the first dimension. This can

al \ | | also be seen in Figure 10 (a), (b) and (c), and in Figure 11,

N where £(1,0) < E(0,1).

° ' : cvalie ° ° In Figure 11 the 2 signal dimensions; andw, together

with the corresponding misclassification rate, are plotted

Fig. 9. The misclassification error for a chosen dataset ia ohthe Q - . . . :
splits in the NPAIRS framework using two principal compotseiWe use the fixing the 20 weights for the noise dimensions found by

training error, since we want to use the optimafor the specific dataset, f M ncon. For (a) the noise level ig,,;sc = 0.2 and the
hence not concerning ourself about overfitting. optimal weightsw,,; = [1,1,0,...] gives a misclassification
of 2, which is the same error as with the optimised weights
West = [0.97,0.79,0.60,0.76, .. ]. We also see from the plot,
that more than one global minimum is giving the misclassifica
) tion of 2. The error ifwy, ws) = (1, 1) has a misclassification
uljino =00 (35) of3 giving a worse error due to the impact from the fixed noise
and hence we will choose the biggest valuecdadiving the d|menS|on§. In (b) the noise Ievelagoi_se :.0'8 and we seea
best misclassification, hoping for the weights for the Signgrqblem W't.h a nonsmoqth curve gving rse tq '°C"’?' minima.
dimensions to be more or less fixed at the initial optimal ealtgh's. can arnse for-aII variance levels in the n0|se.d|mer§slon
ut it seems that it occurs more frequently for high variance

w = 1.
In the remaining 20 noise dimensions, we expect tH%VElS'

variances to be high because of the stochastic nature of thé&or (d) in Flgur_e 7 none ﬁf the first two dimensions can
Gaussian noise, and the means to be lower that for the sig (a|detected. In Figure 12 _t e mean and standard de\{latlon
dimensions & 0.5), since the values of the weights aré'® compared for the experiments for the smallest and highes
resticted to be between 0 and 1 and should be distributé@]ué Ofc. respectively, for a standard deviation @g.

equally in that range due to the randomness of the noise. e first observe that the means in (a) for dimension one
has dropped from approximate 0.9 to 0.7 and dimension two

from 0.85 to 0.65 when choosing the smallestThis can

C. Results be explained by the chosen giving a solution for a smaller

We will start by investigating how the misclassificatiorweight that is as good as = 1 giving the optimal solution. In
depends on the weights for the half moon data from Figure(B) we see that the standard deviation is a little smallernrvhe
without taking the additional noise dimensions into actoAn choosing the smallest in the two first dimensions, which
3D surface plot of the weight$; andw, and the correspond- contribute to a better Z-score, though the last 20 dimession
ing misclassification: is shown in Figure 10. In (a) 2 principal has dropped dramatically. This is hard to explain other than
components are used and we see that the global minimufe f ni ncon optimiser somehow does not find solutions in
is very nearw; = wp = 1 selectingc as the biggest value the outer range of the weights (near 0 and 1). Because the
for the best misclassification. In (b) we have used a smallgfeans have become smaller for the two first dimensions and
value ofc still giving the best misclassification and doing thathe variance has become smaller in the noise dimensions, it
many global minima fow; € [0.2, 1], w, € [0.2,1] is present. is not possible to destinguish the signal dimensions froen th
In (c) we have used 10 principal components with= 100, Z-scores.
but because of the low noise on the dataget,;, = 0.3) it In Table | the misclassification is shown for the opti-
seems like the scale parameter does not have any impact@dl weight as defined in (31), equal weights where =
the optimal misclassificatio= 0) and hence we suffer from 1 for j = {1,...,22} and the optimised weights whetg =
the same problem as in (b). 0 if the Z-scores are less than a given threshold. We see that

In Figure 7 the Z-scores (33) for each of the 22 dimensioghoosing the thresholds 3,2 and 2 for (a), (b) and (c) in Eigur
is shown for standard deviations 02, 0.5 and0.8 in (a), (b) 7, we get perfect classifications for (a) and (b) but 13.2 %
and (c), respectively. In (d) we have chosen the smallesievaimisclassification for (c).
of the scaling parameterthat gives the best misclassification
for a standard deviation 0f.2. The first two dimensions
contains the half moon data and the classification is domgusi
2 principal components. We have shown a novel method for separating signal dimen-

For o = 0.2 in (a), f m ncon clearly detects the signal sions from noise dimensions. The best results are obtained
dimensions but as the noise level raises the detection cfrimwith low noise in the noise dimensions and for a standard
sion 2 becomes imposible. Dimension 1 is clearly separatéeviation of,,,;sc = 0.2, the signal dimensions are clearly
in all cases (a), (b) and (c) but the reason for that shoudeparated. When the noise are increasingt. = 0.5—0.8),

Misclassification

we get

VI. CONCLUSION
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Fig. 10. Surface for 2 weight dimensions for the data and #selting misclassification without additional noise. (aind the biggest value that gives
the best misclassification, only one global minimum veryrnea = w2 = 1 is present and since the curve is smooth, we can expect tirasgptto find
near-optimal solutions. (b) Using a smallvalue still giving the best misclassification, many globahima is present, giving rise to a big variance in the
weights. (c) Using 10 principal components, the vatuseems not to have great impact on the classification becdube tow noise for the data, hence the

same problem as in (b) arise.

(b)

Fig. 11. Surface for the 2 weight dimensions for the data dedresulting misclassification w.r.t. all 22 dimensionse Tdptimised weights for the 20
noise dimensions found by the terminationfafi ncon are fixed. (a) The optimal weights,,: = [1,1,0,...] gives a misclassification of 2, which is the
same error as for the optimised weights.s;. We also see from the plot, that more than one global minimeigiving a misclassification of 2. The error
in (w1, w2) = (1,1) has a misclassification of 3, giving a worse error due to theaith from the noise dimensions. (b) Because of the more nootsm

surface, the optimisation is harder.

Data from Fig. 7| Class. error optimalv | Class. error equalv | Class. error optimisedv
(a) 0.000 0.000 0.000
(b) 0.000 0.152 0.000 (0.1320%)
(c) 0.000 0.230 0.132
TABLE |
TEST ERRORS FOR THE OPTIMAL WEIGHT§L, 1,0, ..., 0], EQUAL WEIGHTS[1,1,...,1]JAND THE ESTIMATED WEIGHTS. TRESHOLDS FOR THE ZVALUES

ARE SET TO3, 2AND 2 FOR(A), (B) AND (C), RESPECTIVELY, |.E. WEIGHTS BELOW THAT VALUE ARE SET TOO. ¢ VALUE IS ESTIMATED INDIVIDUALLY
FOR THE DIFFERENT WEIGHT VECTOR$AND CORRESPONDING NOISE LEVE) BY USING 500 TRAINING POINTS AND 500 TEST POINTS (*THRESHOLD
OF 3 USED).
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Fig. 12. Comparison for two experiments, where the first nladion in each group is for choosing the smallest value ahd the second observation in
each group is for choosing the highest valuecpfjiving the smallest misclassification in both cases. (an@arison of the mean. (b) Comparison of the
standard deviation.
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Dimension

the optimiser has problems detecting dimension 2. The nsaso
for that could be because of the non-smoothness of the error
function resulting inf i ncon to find local minima. We have
also shown that the value of the scaling paramates crucial
when the dimensions is compared using Z-scores, possibly
making the estimation of in a real-world a serious issue

At last, many splits in the NPAIRS framework has to be done
making the computation time relatively big. 50 spilts aredjs
but more splits would probably give even more reliable rissul
to draw conclusions.

To sum up: for a low noise level in the noise dimensions
the signal dimensions can be clearly separated, but when the
noise is augmented the optimiser fails to detect dimension 2
for the signal.
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